A model of retrograde axonal transport of neurotropic viruses is developed. The model accounts for active viral transport by dynein motors as well as for passive transport by diffusion; the destruction of the virus as it propagates toward the neuron soma is modeled utilizing a first-order decay rate process. The effect of a limited time during which the axonal synapse is exposed to the virus is incorporated. An analytical solution is obtained. The obtained solution makes it possible to identify four different regimes of viral transport in the axon that correspond to the following situations: (1) Small viral diffusivity and small rate of viral destruction; (2) Large viral diffusivity and small rate of viral destruction; (3) Small viral diffusivity and large rate of viral destruction; (4) Large viral diffusivity and large rate of viral destruction. Characteristic features of these regimes are discussed.
Introduction
Neurons have a relatively small body (soma) and long processes, dendrites and axons (also called neurites); dendrites receive signals while axons transmit signals. The total volume of the processes in one neuron cell can be 1000 times larger than the volume of the body of the neuron [1] . In a human body axons can be up to one meter in length. Most organelles are synthesized in the neuron soma, and they need to be transported to a particular location in the neurite where they are needed. Since or-Depending on the rate of transport, anterograde transport in axons is divided into fast anterograde transport (characterized by transport rates between 1 and 5 µm/s, typical cargos are various vesicles), anterograde slow component B (characterized by transport rates between 0.02 and 0 09 µm/s, typical cargos are actin and various cytoplasmic proteins), and anterograde slow component A (characterized by transport rates between 0.002 and 0 01 µm/s, typical cargos are tubulin and neurofilaments). However, there is only one mode of retrograde transport, which is characterized by roughly the same rate as fast anterograde transport (1 and 5 µm/s), and typical cargoes are kinase, lysosomal vesicles and various signal complexes [1] .
Fast anterograde axonal transport is powered by kinesin molecular motors while retrograde axonal transport is powered by dynein motors [2] [3] [4] [5] [6] . Depending on a particular transport situation (for example, the number of motors pulling an organelle, which happens to be an important parameter controlling organelle velocity in vitro but probably not so much in vivo [7] ) kinesin and dynein motors move with velocities in a range roughly between 1 and 5 µm/s. The theory of slow anterograde transport is much more complex because there are no motors that move in the specified velocity range for these transport modes. To explain the situation, Brown's group [8] , [9] put forward the stop-and-go hypothesis that assumes that the slow velocity of slow axonal transport can be explained by the fact that in slow axonal transport cargos are not moving continuously, they rather move along MTs alternating between short periods of rapid movement, short on-track pauses, and prolonged off-track pauses, when they temporarily disengage from MTs.
Many harmful viruses utilize the axon transport machinery to spread in the neural system. For example, West Nile virus spreads in both retrograde and anterograde directions via axonal transport [10] . Many neurotropic viruses (viruses that infect nerve cells), such as the polio virus, rabies virus, and herpes virus, enter the neuron at the axon terminal and then utilize axonal retrograde transport machinery in order to gain access to the neuron soma [11] [12] [13] [14] . By spreading through the neural network, these viruses manage to evade the immune system response 1 , which is mostly restricted to the blood system 2 [15] . Understanding why some viruses spread in axons more efficiently than the other is important for developing effective treatment strategies against these viruses as well as for better understanding mechanisms of intracellular transport in general, which may be helpful in developing treatments for various neurodegenerative diseases [16, 17] .
An important type of neurotropic viruses is the poliovirus, which enters neurons of the peripheral nervous system (PNS) by endocytosis at the neuromuscular junction. It then can spread to the central nervous system (CNS). However, it is known that even in unvaccinated individuals, it happens only in approximately 1% of cases. Research has shown that the uptake of poliovirus at the neuromuscular junction is 87% efficient; however, retrograde transport in axons of PNS is only 28% efficient. The inef-1 http://en.wikipedia.org/wiki/Immune_response 2 http://en.wikipedia.org/wiki/Blood_system ficiency of retrograde transport is believed to be the major barrier limiting the spread of the poliovirus from PNS to CNS [11] . Similar mechanisms may limit the spread of other neurotropic viruses.
The aim of this paper is to develop a model of viral infection and viral trafficking in an axon of a PNS. The model accounts for the limited time during which the axon terminal is exposed to the virus. The destruction of the virus as it travels from the axon terminal toward the neuron soma (obviously important for the case of the poliovirus) is accounted for by a first-order decay rate. Fig. 1a shows a schematic diagram of the problem. Viruses enter an axon of a PNS at the synapse (located at˜ = 0) and are transported toward the neuron soma by retrograde axonal transport via the association with dynein motors. Since dynein motors move with velocity typical for retrograde transport, the situation simulated here is much simpler than the slow axonal transport situation simulated in [18] . It is assumed that as a result of viral exposure the virial concentration inside the axon terminal stays equal to a constant value,˜ 0 , for a limited time,˜ (see Fig. 1b ). The goal is to investigate different regimes of propagation of the wave of viral concentration down the axon. The model developed here is based on equations of molecular motor-assisted transport of organelles suggested in [19] , but accounts for only one cargo population (in this case cargo is the virus). It is assumed that the virus can be transported by motor-driven transport (in that mode, it is most likely transported on MTs inside endosomes), but it can also experience diffusion-driven transport. The diffusivity models transport of a free virus in the cytoplasm of the cell, as well as the situation when an endosome containing viral particles detaches from an MT. Diffusivity can also be caused by cargo navigation around obstacles during motor-driven transport. Under these assumptions, the equation governing retrograde transport of viruses in an axon (Fig. 1a) is
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whereD is the viral diffusivity,˜ is the number density of viruses,˜ is the time,˜ is the linear coordinate directed from the axon terminal to the axon hillock (see Fig. 1a ),˜ is the kinetic constant describing the rate of destruction of viruses in the axon, and˜ is the average velocity of viral transport by dynein motors. The dimensionless form of Eq. (1) is
where the dimensionless variables are defined as follows:
It is assumed that at = 0 there are no viruses in the axon, ( 0) = 0.
It is also assumed that from˜ = 0 until˜ =˜ the axon terminal (located at˜ = 0) is subjected to viral invasion that results in a constant viral concentration˜ 0 inside the axon terminal. For˜ >˜ the exposure ends and the viral concentration at˜ = 0 becomes zero. The nondimensional form of boundary condition at = 0 is
where H (τ) is the Heaviside step function. A semi-infinite axon is assumed, meaning that the solution is identical to that obtained by utilizing a perfectly absorbing condition [20] at the axon hillock. Eq. (2) with boundary condition (4) and zero initial condition is solved by Laplace transform. The subsidiary equation is
where N ( ) is the Laplace transform of the function ( ).
The Laplace transform of boundary condition (4) is
The solution of subsidiary equation (5) subject to boundary condition (6) and the condition that the solution remains finite as → ∞ is
Calculating the inverse Laplace transform [21] of the right-hand side of Eq. (7) leads to the following solution for the viral concentration wave as it propagates from the axon terminal toward the neuron soma:
where erfc (τ) is the complementary error function.
The total dimensionless amount of virus in the axon is then given by the following expression:
Eq. (9) is valid until the viral wave reached the neuron soma.
The total dimensionless viral flux (by diffusion and dyneindriven transport) is calculated as: ) corresponds to a small viral diffusivity (D) and a small rate of destruction of virus in the axon (˜ ). As a result, the slug containing the virus does not spread as it moves toward the neuron soma with a constant velocity,˜ , due to viral transport by dynein motors. The total amount of virus in the axon linearly increases during the exposure (for < ) and then remains constant. Fig. 3a, 3b displays the situation that corresponds to a large viral diffusivity but a small rate of viral destruction (D = 10
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). The viral cloud spreads out as it propagates down the axon, see Fig. 3a . The dynamics of the total dimensionless amount of virus in the axon displayed in Fig. 3b clearly shows two stages in viral transport: 1) 0 < < , viral uptake, the total amount of virus in the axon increases; 2) > , the total amount of virus in the axon remains constant. Fig. 4a, 4b displays the situation when the viral diffusivity is small but the rate of viral destruction is large (D = 10 ). This results in the decay in the amplitude of the viral wave but the wave does not spread out (Fig. 4a) . For > the total amount of virus in the axon decreases as time increases because virus is being destroyed as it travels down the axon (Fig. 4b) . Finally, Fig. 5a , 5b displays the situation that corresponds to both large viral diffusivity and large rate of viral destruction (D = 10 and spreads out as it propagates downstream (Fig. 5a ) and for > the total amount of virus in the axon decreases as time increases (Fig. 5b) .
The dimensionless amount of virus reaching the neuron soma by time can be calculated as
where L is the dimensionless length of the axon and is the dimensionless viral flux given by Eq. (10). 
Conclusions
Four regimes of viral trafficking are identified. If diffusivity of viral particles and the rate of viral destruction are small, the wave of viral concentration retains its identity as it moves toward the neuron body and the total amount of virus in the axon after the initial exposure remains constant. If diffusivity of viral particles is large but the rate of viral destruction is small, the viral concentration wave spreads out as it propagates but the total amount of virus in the axon does not decrease. If diffusivity of viral particles is small but the rate of viral destruction is large the amplitude of the concentration wave decreases as it propagates but the wave does not spread out; the total amount of virus in the axon in this case decreases after the initial exposure. If both viral diffusivity and the rate of viral destruction are large, the concentration wave decays and spreads out as it propagates and the total amount of virus after the initial exposure decreases as time increases. Further experimental work is needed to determine which of the four regimes of viral trafficking identified with the help of the obtained analytical solution take place in real axons.
